International Journal of Scientific & Engineering Research, Volume 6, Issue 3, March-2015 73
ISSN 2229-5518

GENERALIZED KNOT SYMMETRIC ALGEBRAS
IN Z°

IR.Selvarani and 2M.Kamaraj
TK.L.N. College of Engineering, Pottapalayam- 630611, Sivagangai District, Tamilnadu, India
Email: selvaklnce@gmail.com?Government Arts and Science College, Sivakasi-626124,Virudhunagar District,
Tamilnadu,India ,Email: kamarajm17366@rediffmail.com

*
Abstract :In this paper we define Generalized knot Symmetric Algebras in Z andalso
define a new multiplication and prove associativity.
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2. Join the it lower vertex of d; with ith upper

1 INTRODUCTION: vertex of da.

Brauer [Br] introduced algebras/ known as 3. Let ¢ be the resulting graph obtain without
Brauer’s algebras in connection with the problem loops. Then ab=x'c, where r is the number of loops,
of decomposition of a tensor product and x is a variable.
representation into irreducible ones. These For example:
algebras have a basis consisting of undirected
graphs. . - . - . -

M. Parvathi and M.Kamaraj[PK] introduced L T~ =< N
signed Brauer’s algebra which has a basis a_= N— ——N
consisting of signed diagrams. M. Kamaraj and R. — « e I e
Mangayarkasi[KM] introduced knot diagrams
using Brauer graphs without horizontal edges. . .

They used two types of knot only. We are
motivated by the above concept replace Z* by

{ (0'0)' (1 - 1)k' (_1'1)1};{6,1 =1 r'"-'--'-

2 PRELIMINARIES

We state the basic definitions and some known
results which will be used in this paper.

2.1The Brauer algebras ba = o
Definition [3] A Brauer graph is a graph on 2n
vertices with n edges, vertices being arranged in
two rows each row consisting of n vertices and
every vertex is the vertex of only one edge.

2.2 Definition [3] Let V,, denote the set of Brauer
graphs on 2n vertices. Let di, d» €

V. The multiplication of two graphs is defined as
follows:

1. Place d; above d».

The Brauer algebra Dn(x), where x is an
indeterminate, is the span of the diagrams on n
dots where the multiplication for the basis
elements defined above. The dimension of Dn(x) is
(2n)!=(2n-1) 2n-3)...3.1.
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The Signed Brauer algebras
2.3 Definition [6] A signed diagram is a Brauer
graph in which every edge is labeled by a + or a -

sign.

SF T

24 Definition [6]:Let V_ndenote the set of all

singed Brauer graphs on 2n vertices with n singed

edges.LetD_n(X) denote the linear span of Vp

where Xis an indeterminate. The dimension of

D, (x) is 20 @n)t =20 @n-1)@2n - 3)...31. Let

5,6 e\/_n Since a, b are Brauer graphs,

d
ab=Xx"cC, the only thing we have to do is to

assign a direction for every edge. An edge & in

the product ab will be labeled as a + or a- sign
according as the number of negative edges

involved fromd and bto make X is even or

odd. A loop ﬂ is said to be a positive or a

negative loop in ab according as the number of
negative edges involved in the loop is even or odd.

ah 2d1+d
Then @D = X 1772 where d; is the number
of positive loops and d is the number of negative
loops. Then is a finite dimensional algebra.

.~ » . . .

g
I

3 KNOT GRAPHS [4]

Let S, be the symmetric group of order n and 1 €
Sn. A knot graph of order n is a special graph
which is defined from 1 as follows.

3.1 Definition

we start with an element m€S,, m can be
represented by a graph .Consider two edges

(i ,m(i)) and (j, (j)) where vertices i and j are in the
upper row and 1(i)) and 1(j)) are in the lower row.
If i<j , n(i) < m(j)then edges are as in the Brauer
diagram. If i<j andm(j) < m(i), then we draw
edges in two forms as shown below.

In form 1, we say (i, m(i)) is the upper edge than (j,
7(j)). In this case we may also say that (j, n(j)) is
lower than (i, 7(i)).

1 2 3 i i n
L] . L] L] L ] L]

case 1:

2 3 a(j) a(i) n

In form 2, we say that (j, n(j)) is the upper edge
than (i , 7(i)). In this case we may also say that (i,
m(i)) is lower than (j, m(j)). The above graph is
called Knot graph of order n with respect to 1.

Case 2:

Example: knot graph of order 2
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4 Generalized knot Symmetric Algebras in Z
4.1 Definition:
Define Symmetric Knot graphs wusing Knot

theory. Let Sn denote a symmetric group of

VS Snthen JT can be

represented as a graph in which the vertices
of 7T are represented in two rows such that
each row contains n vertices. The vertices of

each row is indexed with 1, 2, eery NN from

order n. Let

left to right in order. Let E(G ) denote the
set of all edges of O .

Let E(o)=1{g =i, o(i));i=123..n}
Define A such that

A, c E(o) x E(o) where

A, ={aij :(ei,ej) i<j, e.eje E(a)}
By = {ij = & € A, 1 (i) > o(j)

Sy =5 (51,52 855, ~0-1) (on)-1

where k and 1 are integers.
4.2 Knots in a.

Let (Sl, So "'Sﬁ)e SO. Then §j is called a Knots
ino.
4.3Type I knots in 0.

IfSj = (-1, l)k thenS; is called a Type I Knots
ino.
44Type Il knots in o.

If s =(1, —:|.)I then Sj is called a Type II Knots

ino.
4.5 knot in o.
Lets; = (1, -1 (or) (1, -1)" and

k=1(or) | =1Thens; is called a knot.
4.6 Generalized knot mapping
For each element (Sl, Sy "'Sﬂ)e Sy, we

Define a mapping and which we call it as
generalized knot mapping, as follows.

f ZAG —>Z*, where

z" = {(0,0), -2, (-12) }f,l:l

0 ifx¢ B,
such thatf (x) = {s- if x£ b € B

let R, denote the collection of all generalized

knot mapping defined on O'.
4.7 Remark:

Let Ry = UR,
oSy
To define multiplication in Ry, first we define the

multiplication as follows.
4.8 Definition:

. (0,0)0,0)=(0,0)

@O 1F =6 -140,0)= (1}
. (0,0(-1,2) =(-1, )(O 0)=(-1,12)
y @L-1f-11" =(-12'@ -2 =

—LDLif >k
0,0),if k=1
Now we define multiplication among elements in

{(1,—1)k,lfk > |

Rn as follows.

4.9 Definition:
Let f, g €Ry, where f eRRjandg e R,

Define f.g 1 A, , — Z*as followsf. g(a;, a;) =
f(ene;)-9(BuBy); (ewe;) € By
f(eine).9(B;.B:); otherwise

4.10Theorem

1£8,b,ceZ” pen albe) = (ab)c

Proof:

Casel:Let

=1, -1, b=(-11),c= (1, ~1)2
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(ab)=(1, -1 (-1,2)' _

Now

@ -0 i k>
(T T P
(0,0) if k=1

(abe =(-11) 7@ -2, if 1>k
=1, —p)farketif g >
(able =1, -1, —1)k2, if ky > 1
(abc =

(—Lyl7Mk2 jf Ik >kpand 1>k
@ -1kt if Kk, >1—k and 1>k
(O, 0) if | — kl = k2 and | > kl
(ab)e =(0,0)L —1)<2 = (1, -1)2 if k; =1
Similarly, (bC) - (_ 1 1)I (1’ _1)k2 =
(-11)"™ if 1>k,
@ -1 if Kk, >1
(0,0) if 1=k,
a(bc) = (L, 1)L (1, —1)<2-1, if ky > 1
=1, -kt iy > |
Ana a00) = (L -1 (-1, 172, if 1>k,

(-11)77 ifl-k, >k, and I>k,
=11, -1 if Kk, >1-k, and 1>k,

(0,0) if 1-k, =k,
a(bc) = (1, -1 (0, 0)=(L -1 if 1=k,
Subcasel:Let
(ab)e = (L, 1)K *2~" i kg > 1

ki +ko—I

ang 2(00) = (L =272 if kp >

and 1>k,

Hence8(0C) = (1, ~1)1*2 7 = a(be)
Subcase2:Let

And
albc)=(-11) k2 it 1-ky,>kand 1>k,

Hence@(00) = (<11} 472 = (ab)c
Sub case3:Let
@b)c =1 -1 2 it Kk, >1-k and 1>k

And
a(oc) = (1, —1)f+ke itk >1-k, and 1>k,

Hence a(bc) = (1, 1)1k~ = (ap)c

Sub cased: Let
(ab)c =(0, 0) if I-k=k, and I>k
And

a(bc) =(0,0) if I-ky=k; and 1>k,

Hence (ab)c = (0, 0) =a(bc)
SubcaseS:Let (ab)c = (1, —1)k2 if ky =1
And a(be) = (1, —1)atk2=!if i, >
=1, -1
Hence (@0)c = (4, ~1)2 = a(bc)
Case2:Let
a=( -1 b=(1 -1 c=(-11)
(ab)=(1, -1 (1, —1)*2 = (1, —1)fatk2
(abe = (1, ~1)4k2 (-1,2)} _

Now
(-12)77 i 1>k +k,
(L -2 ifk,+k, >
(0,0) if 1=k, +k,
_(1 _1\K2(_ | _
Similarly, (bC)— (1’ 1) ( 1 1) -
(L-1)" i k,>I
(-11)7 if 1>k,
(0,0) if 1=k,

@)c=(-11""K2 if 1k >kyand >k Now a(be) =L -1)L(L-1)2, if ky > |

=1, -0kt if Ky > |
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ang a00) =1, -1 (-1, 1) %2 if 1>k, (ab)=(1, -1)f (-1, 1)1 =
(L-1)" if k>l
(-L1)"™ if 1, >k

(1,277 ifl-k,>k, and I>Kk, (0,0) i1, =k
=1L -0 if k >1-k, and I>k, ~ k—ly I
(0,0) if I-k,=k, and 1>k, Now (@)= (L, ~1]" % (-1,1)
(ab)e =(0,0(-1,2)2 =(-1,1)2 if k=)
a(bc) = (1, -11(0, 0)=(, -1 if 1=k | | | .
Su(bca)selz(Let 0. 0= ’ (abe=(-1,2)k (-1,2)2 = (-1 1)1+2—k if | >k
a(bc) = (L, 1) 2t if K, > 1 Similarly,
o G800 =(0 )7 i) (be)= (-1 (-1, 1f2 (1122
Henee@(0€) = (1, ~ 12! _ e (L= i 1L+l >k
Subcase2:Let a(bc) = (17_1)k7|17|2 if k>I +1,
a(bc) = (1L, -1 27" if Kk >1-k, and 1>k, (0.0) if 1+l =k
@ ko Subcasel: Let
ang (@0)0 = (L =227 if kg +kp > (@)= -0)<"1712 it k-l >0, and k>
Henced(06) = (1 ~1)472 7! = a(be) -
Sub B Case3:] ot o a(bc) = (1, —1) , if k>l +1s
ab)c=(-1,1)""17"2 if I-k,>kjand 1>k k=h-I2
(@bje=(-1) ‘' § ?Hence @(0C) = (1 - 1) = a(bc)
And Subcase2 :Let
a(be) =(-1,1) 717K i 1>k +kg (ab)e=(-1,)127%, if I, > k-l and k>l
| —kg -k
Hence 8(DC) = (_L 1) 172 = (ab)c _(_1 1tk
Sub Cased:Let And a(be) _( L 1) o T+l >k
a(bc) =(0,0) if I-kp=k and I>ky abc)=(-11)1"27K = a(bc)
b =k ok Sub Case3: Let
And (@ )bc :EO’OO)O g e (ab)c=(0,0) if k—k=l,and k>l
Hence (ab)c =(0, 0)=a( C)k Ang a(b0)=(0,0) if h+1p =k
Subcase5: a(bc) = (1, —1) 1 if ky =1 Hence 8(bC) = (0’ 0) = (ab)c
And (ab)c = (l, _1)k1+k2—| if k2 > Sub - (f(ase4: Let
" (ab)c =(-1,2)L27% if I, >k
- (1’ _1) And
Herce (@)= (1,11 =a(bc) abe) = (-1,1)1+127K it 1, 11, > k
Case3:Let Hence ol
a=(1-1f b=(-11)1 c=(-11)2 (ab)e=(~11)1727 =a(bc)

Subcase5: | (ab)c= (—1, 1)'2 if k=N
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And a(be) = (-1, 2)1727K if 1 1, > k

= (-1,1)2

(-1,1)% =a(bc)

Hence ( )
Case4:

Lera=(-12)1,b=(-12)2,c= (1 -1
_111)|1+|2

(ab)=(-1,1)1(-1,1)'2 =
(ab)e = (-1, 1)'1*12 1, —1)k =
(L,-1)""% if k>l 41,
(-L1)™7 i 141, >k
(0,0) if 141, =k

(be)=(-1, 1)2(1, -1 =
(L-1)" if k>I,
(-L1)%7" if 1, >k
(0,0) if 1,=k

Similarly,
a(be) =< (-

Let

a(be) = (-
a(bc) =(-1,1)

Let

1,1)'1(-1,2)27K,
11415 -k

a(bc) = (-1,1)1(0,0)=(~1,2)1

Subcasel:

a(bc) =(1, -1

k-l -l
) ’

k=l -l
)

(ab)c=(1, -1

Hence a(be) = (11 _1)k_ll_I2 =a(bc)

Subcase?2:

a(be) = (-11)1427% i k1,

I+l -k
ang 2(00) = (=L )17275,

a(bc)=(1, -1 12 (=1, 1)t
(L-1)"" if k>l,andk-1,>1,

L)Y if k>, and 1 > k=1,
(0,0) if k>l andl =k-I,

if 1, >k

if k>1, and k-

if k>l +1

if |1+|2>k

Let

|2>Il

Let
and |1 >k - |2

IJSER © 2015

l1+lo -k
Hence &(bC) = (=1, 11727 = a(be)
Sub Case3: Let

a(oc)=(0,0) if

I +1, =k

And (@0)c=(0,0) if h+l;=k

Hence a(bc) = (Oa 0) = (ab)c

Sub Cased: Let
a(be) = (-1,1)17127%, if 1, > k

And

(ab)e = (~1,2)1H27% if 1y +1, > k

Hence

(ab)c = (-1,2)17127% = a(he)
Subeases: | a(be)= (-1, if k=1,
And (ab)c = (-1,2)17127% if 1 41, >k
= (-1t
_ h_
Hence (@0)c = (=1,2)T =a(be)
Caseb: Let
=(-1,1)", b=, -1, c = (1, —1)2

(ab)=(-1,2)( -1 =
@, -1)%" i k>
(-1,1)™ if 1 >k,
(0,0) if k=1

(ab)e = (L -1, )2 = (1, —ajkarke !

(@bl =(-11)7@ -k it 1>k

and 1-k, >k,

(L-0)*"7 if 1>k, and k,>1-k,
(
( and 1-k, =Kk,

=1, -1k if 1=Kk
be)=(1, -1)(@, -1)2 = (1, —1)fatke
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albc)= (-1, 1)'(t, —1)arka (ab)=(-1,2)1(1, -1 =

(L-1)" if Kk, +k, > L -2 i k>l
a(bc)=1(-11)™7" if 1>k, and 1>k +k, (-1 i 1>k

(0,0) if 1>k, and I=k, +k, (0,0 it 1=k
Subcasel : o] (ab)c:(—l, 1)I1—k(_1’ 1)|2 :(_1' l)|1+|2—k it >k
L@)e=0-10)" T if kg >

_ k=l 12
krkp—l (able=(1 -1 (-1,1)2 if k>h

a(bc) = (1, -1) o if kg +ky > (ab)c =

k1 +ko —I
Henced®0) = (L -1) T~ =a(be) L) i ks and k-l

(
Subcase2: Let (<L) i k>l and 1, >k-l,
(@b)c=(1 -1 2 it 1>k andk,>1-k [(0.0) it k>l and k-l =1,

kptko—l (able=(0,0)-11)2 =(-1,1)2 if | =k
a(bc)=(1, -1 , If Ky +ko >
aoa 20~ kp+ko -1 s (be)=(1, -1)(-1,2)2 =
Hence@(0C) = (L, 1) = a(bc) (L-1)" if kI,
Sub Case3: Let (_1,1)'2’k if |2>k
(@b)e=(-11)717K2, if I>k and 1k >ky|(0,0 T
And abc)= (-1 110 -1f"2 it k>l

abc)=(-1,1) 7Ky, if Isk and 1>k +kp

(L-2)""% if k>I, and k-I,>1,
Henee 11)" if k>1, and 1 >k-I
(ab)c = (-1,1) 7¥17*2 = a(bc) a(be)=1 (- >kl
(0,0 if k>1, and 1 =k -1,
Sub Case4: Let
(ab)c=(0,0) if l-k =k, and I>k a(be) = (-1,1)1(-1,1)27K = (1, 1)f2+127% i 1, >k
And a(bc)=(-112(0,0)=(-11)1 if I, =k
a(bc)=(0,0) if l=k+k, and 1>k Subcasel:Let .
—1-12 .
a(bc)=(1,-1 , If k>l and k-1, >1
Hencea(bc):(o’ 0) :(ab)c ( ) 2 2-1
: — (1 -1k2 = k—ly -1
Subcase3: | (ab)e= (L -1)2 if 1=k (@b)o=(L -1 " 2 ksl and bkl
And a(be) = (1, —1)ark2=if 1k, > it
-
= (1’ _1)k2 Hence a(bc) = (11 _1) =a(bc)
Subcase2: Let

Hence (@0)c = (4 ~1)2 = a(bc)
Caseb: Let

=(-1,1)%,b=(1 -1, c=(-1,1)2

a(be)=(-111*27K it k>1, andl>k-1,
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And
l1+lo =k
@)c=(-1)" 2", if lysk-l, and k>l
I +1p -k
Hence a(bC) = (_ 1 1) = a(bc)

Sub Case3: Let

a(bc)=(0,0) if kh=k-l, and k>I,
And
(ab)c=(0,0) if k-k=I, and k>k

Hence a(bc) = (Oa 0) = (ab)c
Sub Case4:

Let a(be) = (-1, 117127k if 1, >k
And (ab)c = (-1, 2)1127K i 1 > «

Hence
(ab)c = (-1,1)1*127% = aoc)
Subeases: |, a(be) = (-11)1 if I, =k

And
(ab)e = (-1, 1)1127% i 1y > k
=(-1,1)1
Hence (@)= (-1,1)1 =a(bc)
4.11 Theorem:
g T9heRn yo (fg)h = f(gh)
Proof:
Let f eRO_,geR,[&heR5/
where @1 7 0 €S,

*

A L
The above multiplication ~ is associative.

R, . I
Hence " is associative.
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