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1  INTRODUCTION: 
 Brauer [𝐵𝑟] introduced algebras, known as 
Brauer’s algebras in connection with the problem 
of decomposition of a tensor product 
representation into irreducible ones. These 
algebras have a basis consisting of undirected 
graphs. 
       M. Parvathi and M.Kamaraj[𝑃𝐾] introduced 
signed Brauer’s algebra which has a basis 
consisting of signed diagrams. M. Kamaraj and R. 
Mangayarkasi[KM] introduced knot diagrams 
using Brauer graphs without horizontal edges. 
They used two types of knot only. We are 
motivated by the above concept replace 𝑍∗ by 
{ (0,0), (1− 1)𝑘 , (−1,1)𝑙}𝑘,𝑙 =1

∞  
 
2 PRELIMINARIES 
We state the basic definitions and some known 
results which will be used in this paper. 
 
2.1The Brauer algebras 
Definition [3] A Brauer graph is a graph on 2n 
vertices with n edges, vertices being arranged in 
two rows each row consisting of n vertices and 
every vertex is the vertex of only one edge. 

 
2.2 Definition [3] Let Vn denote the set of Brauer 
graphs on 2n vertices. Let d1, d2 ∈ 
Vn. The multiplication of two graphs is defined as 
follows: 
1. Place d1 above d2. 

2. Join the ith  lower vertex of d1 with ith upper 
vertex of d2. 
3. Let c be the resulting graph obtain without 
loops. Then ab=xrc, where r is the number of loops, 
and x is a variable. 
For example : 
 

 
 

 

  
The Brauer algebra Dn(x), where x is an 
indeterminate, is the span of the diagrams on n 
dots where the multiplication for the basis 
elements defined above. The dimension of Dn(x) is 
(2n)! = (2n – 1) (2n – 3)…3.1. 
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The Signed Brauer algebras  
2.3 Definition [6] A signed diagram is a Brauer 
graph in which every edge is labeled by a + or a – 
sign. 

 
2.4 Definition [6]:Let  nV denote the set of all 
singed Brauer graphs on 2n vertices with n singed 

edges.Let ( )xDn  denote the linear span of nV
where x is an indeterminate. The dimension of

( )xDn  is 2n  (2n)!! =2n  (2n-1)(2n – 3)…3.1. Let

nVba ∈,  .Since a, b are Brauer graphs, 

,cxab d= the only thing we have to do is to 
assign a direction for every edge. An edgeα  in 

the product ba will be labeled as a + or a- sign 
according as the number of negative edges 

involved froma  and b to make α   is even or 
odd. A loopβ  is said to be a positive or a 

negative loop  in ba  according as the number of 
negative edges involved in the loop is even or odd. 

Then 212 ddxba +=  where d1 is the number 
of  positive loops and d2 is the number of negative 
loops. Then is a finite dimensional algebra. 

 

 

 
3 KNOT GRAPHS [4] 
Let Sn be the symmetric group of order n and π ∈ 
Sn. A knot graph of order n is a special graph 
which is defined from π as follows. 
3.1 Definition  
we start with an element π∈ Sn, π can be 
represented by a graph .Consider two edges  
(i ,π(i)) and (j, π(j)) where vertices i and j are in the 
upper row and π(i))  and π(j)) are in the lower row. 
If i<j , 𝜋(𝑖) < 𝜋(𝑗)then edges are as in the Brauer 
diagram. If i<j and 𝜋(𝑗) < 𝜋(𝑖), then we draw 
edges in two forms as shown below. 
In  form 1, we say (i, 𝜋(𝑖)) is the upper edge than (j, 
𝜋(𝑗)). In this case we may also say that  (j, 𝜋(𝑗)) is 
lower than (i, 𝜋(𝑖)).  
 

 
 
In form 2, we say that (j, 𝜋(𝑗)) is the upper edge 
than (i , 𝜋(𝑖)). In this case we may also say that (i, 
𝜋(𝑖)) is lower than (j, 𝜋(𝑗)). The above graph is 
called Knot graph of order n with respect to π. 
 

 
Example: knot  graph of order 2 
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4 Generalized knot Symmetric Algebras in 
*Z  

4.1 Definition:  
 Define Symmetric Knot graphs  using  Knot 

theory. Let  nS   denote   a  symmetric  group  of   

order  n. Let  nS∈π then  π can  be  
represented  as  a   graph  in  which  the  vertices  
of π    are  represented   in  two rows  such that  
each  row  contains   n   vertices .  The  vertices  of   
each   row  is  indexed  with n,...,2,1  from  

left  to   right  in  order. Let  )(σE denote   the  
set  of  all   edges  of  σ .                                      
 Let  ( ) ( ){ }niiieE i ...3,2,1;)(, === σσ  

Define σA  such that 

)()( σσσ EEA ×⊆ where 

( ) ( ){ }σσ EeejieeaA jijiij ∈<== ,,;,  

{ })()(: jiAabB ijij σσσσ >∈==
 

( ) ( ) ( ){ }lk
i orssssSS 1,1)(1,1:..., 21 −−=== βσ

 where k and l are integers. 
4.2 Knots in 𝝈.  
 Let ( ) σβ Ssss ∈..., 21 Then is  is called a Knots 

in 𝜎. 
4.3Type I knots in 𝝈. 

   If k
is )1,1(−=  then is  is called a Type I Knots 

in 𝜎. 
4.4Type II knots in 𝝈. 

   If l
is )1,1( −= then is  is called a Type II Knots 

in 𝜎. 
4.5 knot in 𝝈. 

 Let ( ) ( ) lk
i ors )1,1(1,1 −−=   and 

1)(1 == lork Then is   is called a knot. 
4.6 Generalized knot mapping 
      For each element ( ) σβ Ssss ∈..., 21 , we  

Define a mapping and which we call it as 
generalized knot mapping, as follows. 

*: ZAf →σ , where 

( ) ( ) ( ){ }∞ =−−= 1,
* 1,1,1,1,0,0 lk

lkZ  

such that𝑓(𝑥) =  �
0              𝑖𝑓 𝑥 ∉  𝐵𝜎

𝑠𝑖         𝑖𝑓  𝑥 =  𝑏𝑖  ∈   𝐵𝜎
 

let σR  denote  the collection of all generalized 
knot mapping defined on .σ  
4.7 Remark: 
Let 

nS
n RR

∈
=
σ

σ . 

To define multiplication in nR , first we define the 
multiplication as follows. 
4.8 Definition: 
• ( )( ) ( )0,00,00,0 =  

• ( )( ) ( ) ( ) ( )kkk 1,10,01,11,10,0 −=−=−  

• ( )( ) ( ) ( ) ( )lll 1,10,01,11,10,0 −=−=−  

• ( ) ( ) ( ) ( ) =−−=−− kllk 1,11,11,11,1

�
(1,−1)𝑘, 𝑖𝑓 𝑘 > 𝑙
(−1,1)𝑙 , 𝑖𝑓 𝑙 > 𝑘
(0,0), 𝑖𝑓 𝑘 = 𝑙 

 

Now we define multiplication among elements in 

nR  as follows. 
  4.9  Definition: 
Let ,, nRgf ∈ where σRf ∈ and πRg ∈ . 

Define *
.:. ZAgf →σπ as follows𝑓.𝑔�𝛼𝑖 ,𝛼𝑗� =

�
𝑓�𝑒𝑖 ,𝑒𝑗�.𝑔�𝛽𝑖 ,𝛽𝑗�;  �𝑒𝑖 ,𝑒𝑗� ∈ 𝐵𝜎
𝑓�𝑒𝑖 ,𝑒𝑗�.𝑔�𝛽𝑗 ,𝛽𝑖�;    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

4.10Theorem 

If 
*,, Zcba ∈ , then cabbca )()( =  

Proof: 
Case1:Let 

( ) ( ) ( ) 21 1,1,1,1,1,1 klk cba −=−=−=  
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Now ( ) ( ) ( )lkab 1,11,1 1 −−= =

( )
( )
( )








=
>−

>−
−

−

lkif
klif

lkif
kl

lk

1

11
11

0,0
1,1

1,1

 

       ( ) ( ) ( ) 121 ,1,11,1 klifcab kkl >−−= −  

              ( ) lkiflkk >−= −+
121 ,1,1         

         ( ) ( ) ( ) lkifcab klk >−−= −
121 ,1,11,1  

( ) =cab
( )
( )
( )








>=−
>−>−

>>−−
−+

−−

121

11221
12121

0,0
1,1

1,1

klandkklif
klandklkif

klandkklif
lkk

kkl

( ) ( )( ) ( ) lkifcab kk =−=−= 122 1,11,10,0  

Similarly, ( ) ( ) ( ) =−−= 21,11,1 klbc
( )
( )
( )

2

2

l k
2

k l
2

2

1, 1 if l k

1, 1 if k l

0, 0 if l k

−

−

 − >

 − >
 =

 

( ) ( ) lkifbca lkk >−−= − 221 ,1,11,1)(  

                           ( ) lkiflkk >−= −+
221 ,1,1  

And ( ) ( ) 221 ,1,11,1)( klifbca klk >−−= −
 

                

( )
( )
( )

1 2

1 2

l k k
2 1 2

k k l
1 2 2

2 1 2

1, 1 if l k k and l k

1, 1 if k l k and l k

0, 0 if l k k and l k

− −

+ −

 − − > >

= − > − >
 − = >

( ) ( ) ( ) 211 1,10,01,1)( klifbca kk =−=−=  
Subcase1:Let  

( ) lkifcab lkk >−= −+
121 ,1,1)(  

And ( ) lkifbca lkk >−= −+
221 ,1,1)(  

Hence ( ) )(1,1)( 21 bcabca lkk =−= −+
 

Subcase2:Let  

( ) 121211,1)( klandkklifcab kkl >>−−= −−

 

And 

( ) 212211,1)( klandkklifbca kkl >>−−= −−

 

Hence ( ) cabbca kkl )(1,1)( 21 =−= −−
  

Sub case3:Let 

( ) 112211,1)( klandklkifcab lkk >−>−= −+

 
And 

( ) 221211,1)( klandklkifbca lkk >−>−= −+

 

Hence ( ) cabbca lkk )(1,1)( 21 =−= −+  
Sub case4: Let 

( ) 1210,0)( klandkklifcab >=−=
 
And 

( ) 2120,0)( klandkklifbca >=−=
 
Hence ( ) )(0,0)( bcacab ==  

Subcase5:Let ( ) ( ) lkifcab k =−= 121,1  

And ( ) lkifbca lkk >−= −+
2211,1)(  

                       ( ) 21,1 k−=  

Hence ( ) ( ) )(1,1 2 bcacab k =−=  
Case2:Let 

( ) ( ) ( )lkk cba 1,1,1,1,1,1 21 −=−=−=  
( ) ( ) ( ) ( ) 2121 1,11,11,1 kkkkab +−=−−=  

Now ( ) ( ) ( )lkkcab 1,11,1 21 −−= +
=

( )
( )
( )

1 2

1 2

l k k
1 2

k k l
1 2

1 2

1, 1 if l k k

1, 1 if k k l

0, 0 if l k k

− −

+ −

 − > +

 − + >
 = +

 

Similarly, ( ) ( ) ( ) =−−= lkbc 1,11,1 2

( )
( )
( )

2

2

k l
2

l k
2

2

1, 1 if k l

1, 1 if l k

0, 0 if l k

−

−

 − >

 − >
 =

 

Now ( ) ( ) lkifbca lkk >−−= − 221 ,1,11,1)(  

                           ( ) lkiflkk >−= −+
221 ,1,1  
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And ( ) ( ) 221 ,1,11,1)( klifbca klk >−−= −  
 
     

( )
( )
( )

1 2

1 2

l k k
2 1 2

k k l
1 2 2

2 1 2

1, 1 if l k k and l k

1, 1 if k l k and l k

0, 0 if l k k and l k

− −

+ −

 − − > >

= − > − >
 − = >

                 

( ) ( ) ( ) 211 1,10,01,1)( klifbca kk =−=−=  
Subcase1:Let  

( ) lkifbca lkk >−= −+
221 ,1,1)(  

And ( ) 1 2k k l
1 2(ab)c 1, 1 , if k k l+ −= − + >  

Hence ( ) )(1,1)( 21 bcabca lkk =−= −+
 

Subcase2:Let  

( ) 22121 ,1,1)( klandklkifbca lkk >−>−= −+

 

And ( ) lkkifcab lkk >+−= −+
2121 ,1,1)(  

Hence ( ) )(1,1)( 21 bcabca lkk =−= −+
 

Sub Case3:Let  

( ) 212211,1)( klandkklifcab kkl >>−−= −−

 
And 

( ) 21211,1)( kklifbca kkl +>−= −−
 

Hence ( ) cabbca kkl )(1,1)( 21 =−= −−
  

Sub Case4:Let 
( ) 2120,0)( klandkklifbca >=−=

 
And ( ) 210,0)( kklifcab +==  

Hence ( ) )(0,0)( bcacab ==  

Subcase5:Let ( ) lkifbca k =−= 211,1)(  

And ( ) lkifcab lkk >−= −+
2211,1)(  

                       ( ) 11,1 k−=  

Hence ( ) ( ) )(1,1 1 bcacab k =−=  
Case3:Let 

( ) ( ) ( ) 21 1,1,1,1,1,1 llk cba −=−=−=  

( ) ( ) ( ) =−−= 11,11,1 lkab
( )
( )
( )

1

1

k l
1

l k
1

1

1, 1 if k l

1, 1 if l k

0, 0 if l k

−

−

 − >

 − >
 =

 

Now ( ) ( ) ( ) 21 1,11,1 llkcab −−= −  

    ( ) ( )( ) ( ) 122 1,11,10,0 lkifcab ll =−=−=           
             

( ) ( ) ( ) ( ) klifcab klllkl >−=−−= −+− 12121 1,11,11,1
 
           Similarly,

( ) ( ) ( ) ( ) 2121 1,11,11,1 llllbc +−=−−=  

( )
( )
( )

1 2 k

1 2

l l
1 2

k l l
1 2

1 2

1, 1 if l l k

a(bc) 1, 1 if k l l

0, 0 if l l k

−+

− −

 − + >

= − > +
 + =

 

Subcase1: Let  

( ) 12121 ,1,1)( lkandllkifcab llk >>−−= −−

 

And ( ) 21
21 ,1,1)( llkifbca

llk
+>−=

−−
 

Hence ( ) )(1,1)( 21 bcabca
llk

=−=
−−

 
Subcase2 :Let  

( ) 11221 ,1,1)( lkandlklifcab kll >−>−= −+

 

And ( ) kllifbca kll >+−= −+
2121 ,1,1)(  

Hence ( ) )(1,1)( 21 bcabca kll =−= −+
 

Sub Case3: Let  
( ) 1210,0)( lkandllkifcab >=−=  

And ( ) kllifbca =+= 210,0)(  

Hence ( ) cabbca )(0,0)( ==   
Sub Case4: Let 

( ) klifcab kll >−= −+
121 ,1,1)(  

And 

( ) kllifbca kll >+−= −+
2121 ,1,1)(  

Hence 

( ) )(1,1)( 21 bcacab kll =−= −+  

Subcase5:  Let ( ) 121,1)( lkifcab l =−=  
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And ( ) kllifbca kll >+−= −+
21211,1)(  

                       ( ) 21,1 l−=  

Hence ( ) ( ) 2lab c 1, 1 a(bc)= − =  
Case4:   

Let ( ) ( ) ( )kll cba 1,1,1,1,1,1 21 −=−=−=  

( ) ( ) ( ) ( ) 2121 1,11,11,1 llllab +−=−−=  
( ) ( ) ( ) =−−= + kllcab 1,11,1 21

( )
( )
( )

1 2

1 2

k l l
1 2

l l k
1 2

1 2

1, 1 if k l l

1, 1 if l l k

0, 0 if l l k

− −

+ −

 − > +

 − + >
 + =

    

( ) ( ) ( ) =−−= klbc 1,11,1 2

( )
( )
( )

2

2

k l
2

l k
2

2

1, 1 if k l

1, 1 if l k

0, 0 if l k

−

−

 − >

 − >
 =

 

Similarly, ( ) ( ) ( )12 1,11,1 llkbca −−= −

( )
( )
( )

1 2

1 2 k

k l l
2 2 1

l l
2 1 2

2 1 2

1, 1 if k l and k l l

a(bc) 1, 1 if k l and l k l

0, 0 if k l and l k l

−

− −

+

 − > − >

= − > > −
 > = −

 

Let  

( ) ( ) klifbca kll >−−= −
221 ,1,11,1)(  

( ) klifbca
kll

>−=
−+

2
21

,1,1)(  
Let 

( ) ( ) ( ) klifbca ll =−=−= 211 1,10,01,1)(  
Subcase1:  Let 

( ) 122
21 ,1,1)( llkandlkifbca

llk
>−>−=

−−

 

( ) 21
21 ,1,1)( llkifcab

llk
+>−=

−−
 

Hence ( ) )(1,1)( 21 bcabca
llk

=−=
−−

 
Subcase2:  Let  

( ) 21221 ,1,1)( lklandlkifbca kll −>>−= −+

 

And ( ) kllifbca kll >+−= −+
2121 ,1,1)(  

Hence ( ) )(1,1)( 21 bcabca kll =−= −+
 

Sub Case3:  Let  
( ) kllifbca =+= 210,0)(  

And ( ) kllifcab =+= 210,0)(  

Hence ( ) cabbca )(0,0)( ==   
Sub Case4:  Let 

( ) klifbca kll >−= −+
221 ,1,1)(  

And 

( ) kllifcab kll >+−= −+
2121 ,1,1)(  

Hence 

( ) )(1,1)( 21 bcacab kll =−= −+  

Subcase5:  Let ( ) 211,1)( lkifbca l =−=  

And ( ) kllifcab kll >+−= −+
21211,1)(  

                       ( )11,1 l−=  

Hence ( ) ( ) )(1,1 1 bcacab l =−=  
Case5:  Let 

( ) ( ) ( ) 21 1,1,1,1,1,1 kkl cba −=−=−=  
( ) ( ) ( ) =−−= 11,11,1 klab
( )
( )
( )

1

1

k l
1

l k
1

1

1, 1 if k l

1, 1 if l k

0, 0 if k l

−

−

 − >

 − >
 =

 
( ) ( ) ( ) ( ) lkifcab lkkklk >−=−−= −+−

12121 1,11,11,1
 

( ) ( ) ( ) 121 1,11,1 klifcab kkl >−−= −
 

( ) =cab

( )
( )
( )

1 2

1 2

k k l
1 2 1

l k k
1 1 2

1 1 2

1, 1 if l k and k l k

1, 1 if l k and l k k

0, 0 if l k and l k k

+ −

− −

 − > > −

 − > − >
 > − =

 
( ) ( )( ) ( ) 122 1,11,10,0 klifcab kk =−=−=

( ) ( ) ( ) ( ) 2121 1,11,11,1 kkkkbc +−=−−=  
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           ( ) ( ) ( ) 211,11,1 kklbca +−−=

( )
( )
( )
( )

1 2

1 2

k k l
1 2

l k k
1 1 2

1 1 2

1, 1 if k k l

a bc 1, 1 if l k and l k k

0, 0 if l k and l k k

+ −

− −

 − + >

= − > > +
 > = +

 

Subcase1 : 

Let ( ) lkifcab
lkk

>−=
−+

1
21 ,1,1)(  

( ) lkkifbca
lkk

>+−=
−+

21
21 ,1,1)(  

Hence ( ) )(1,1)( 21 bcabca
lkk
=−=

−+

 
Subcase2:  Let  

( ) 12121 ,1,1)( klkandklifcab lkk −>>−= −+

 

And ( ) lkkifbca
lkk

>+−=
−+

21
21 ,1,1)(  

Hence ( ) )(1,1)( 21 bcabca
lkk
=−=

−+

 
Sub Case3:  Let 

( ) 21121 ,1,1)( kklandklifcab kkl >−>−= −−

 
And 

( ) 21121 ,1,1)( kklandklifbca kkl +>>−= −−

 
Hence 

( ) )(1,1)( 21 bcacab kkl =−= −−  
Sub Case4: Let  

( ) 1210,0)( klandkklifcab >=−=
 
And 

( ) 1210,0)( klandkklifbca >+==
 

Hence ( ) cabbca )(0,0)( ==  

Subcase5:  Let ( ) 121,1)( klifcab k =−=  

And ( ) lkkifbca lkk >+−= −+
21211,1)(  

                       ( ) 21,1 k−=  

Hence ( ) ( ) )(1,1 2 bcacab k =−=  
Case6: Let 

( ) ( ) ( ) 21 1,1,1,1,1,1 lkl cba −=−=−=  

( ) ( ) ( ) =−−= klab 1,11,1 1

( )
( )
( )

1

1

k l
1

l k
1

1

1, 1 if k l

1, 1 if l k

0, 0 if l k

−

−

 − >

 − >
 =

 
( ) ( ) ( ) ( ) klifcab klllkl >−=−−= −+−

12121 1,11,11,1
 

( ) ( ) ( ) 121 1,11,1 lkifcab llk >−−= −
 

( ) =cab
( )
( )
( )

1 2

1 2

k l l
1 1 2

l l k
1 2 1

1 1 2

1, 1 if k l and k l l

1, 1 if k l and l k l

0, 0 if k l and k l l

− −

+ −

 − > − >

 − > > −
 > − =

 
( ) ( )( ) ( ) klifcab ll =−=−= 122 1,11,10,0

 

( ) ( ) ( ) =−−= 21,11,1 lkbc

( )
( )
( )

2

2

k l
2

l k
2

2

1, 1 if k l

1, 1 if l k

0, 0 if l k

−

−

 − >

 − >
 =

 

( ) ( ) 221 1,11,1)( lkifbca lkl >−−= −
 

           

( )
( )
( )
( )

1 2

1 2

k l l
2 2 1

l l k
2 1 2

2 1 1 2

1, 1 if k l and k l l

a bc 1, 1 if k l and l k l

0, 0 if k l and l k l

− −

+ −

 − > − >

= − > > −
 > = −

 
( ) ( ) ( ) klifbca kllkll >−=−−= −+−

22121 1,11,11,1)(

( ) ( ) ( ) klifbca ll =−=−= 211 1,10,01,1)(  
Subcase1:Let 

( ) 122
21 ,1,1)( llkandlkifbca

llk
>−>−=

−−

 

( ) 121
21 ,1,1)( lklandlkifcab

llk
−>>−=

−−

 

Hence ( ) )(1,1)( 21 bcabca
llk

=−=
−−

 
Subcase2: Let  

( ) 21221 ,1,1)( lklandlkifbca kll −>>−= −+
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And 

( ) 112
21 ,1,1)( lkandlklifcab

kll
>−>−=

−+

 

Hence ( ) )(1,1)( 21 bcabca
kll
=−=

−+

 
Sub Case3: Let  

( ) 2210,0)( lkandlklifbca >−==
 
And 

( ) 1210,0)( lkandllkifcab >=−=
 

Hence ( ) cabbca )(0,0)( ==  
Sub Case4: 

 Let ( ) klifbca kll >−= −+
221 ,1,1)(  

And ( ) klifcab kll >−= −+
121 ,1,1)(  

Hence 

( ) )(1,1)( 21 bcacab kll =−= −+  

Subcase5: Let ( ) klifbca l =−= 211,1)(  

And 

( ) klifcab kll >−= −+
1211,1)(

 ( )11,1 l−=  

    Hence ( ) ( ) )(1,1 1 bcacab l =−=  
 
4.11 Theorem: 

If  nRhgf ∈,, , then ( ) )(ghfhfg =  
Proof: 

Let δπσ RhRgRf ∈∈∈ &, ,   

where nS∈δπσ ,,  

The above multiplication 
*Z is associative. 

Hence nR  is associative. 
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